We study the zero-temperature phase diagram of a two dimensional square lattice loaded by spinless fermions, with nearest-neighbor hopping and algebraically decaying pairing. We find that for sufficiently long-range pairing, new phases occur, not continuously connected with any short-range phase and not belonging to the standard families of topological insulators/superconductors. These phases are signaled by the violation of the area law for the Von Neumann entropy, by semi-integer Chern numbers, and by edge modes with nonzero mass. The latter feature results in the absence of single-fermion edge conductivity, present instead in the short-range limit. The definition of a bulk-topology and the presence of a bulk-boundary correspondence is suggested also for the long-range phases. Recent experimental proposals and advances open the possibility to probe the described long-range effects in near-future realistic set-ups.
Introduction -In recent years, the topological phases of matter have become a central focus for physical investigation. A groundbreaking result is the classification of the symmetry-protected topologically inequivalent classes for non interacting fermionic systems (topological insulators/superconductors) [1] [2] [3] [4] [5] [6] . This theoretical breakthrough has been probed on particular solid-state compounds [7] [8] [9] [10] .
Notwithstanding the presence of a nonvanishing bulk energy gap, the most relevant feature displayed by nontrivial topological insulators/superconductors is a conductivity localized on the edges, due to massless edge mode with a dynamics well distinguished from the bulk excitations. Moreover, continuous transitions with a vanishing mass gap generally divide phases with different topology (even if also first order transitions seem possible if perturbative interactions between fermions are added [11] ). Regarding the entanglement content, topological insulators/superconductors display exponentially saturating entanglement and correlations, giving rise to the area-law for the Von Neumann entropy between the two elements of a real-space bipartition.
These features characterize quantum systems governed by Hamiltonians with short-range (SR) terms. However, in recent years, long-range (LR) classical and quantum systems [12] , obtained renewed attention. Independent theoretical works have concluded that LR systems can exhibit many interesting and unusual properties, essentially due to the violation of locality (see e.g. [13] [14] [15] [16] [17] [18] [19] [20] ). In particular, one-dimensional LR models can host new phases, manifesting striking properties, not present in the SR limit. [15] [16] [17] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
In spite of these relevant achievements, full comprehension and classification phases emerging from Hamiltonians with LR terms are still not available.
In [29] a partial solution to these problems has been discussed, exploiting one-dimensional topological superconductive chains as playgrounds, but inferring nontrivial properties also for LR topological insulators/superconductors in higher dimensions.
From the experimental side, recent proposals with Shiba states [31] [32] [33] [34] , Floquet Hamiltonians [35, 36] , atoms coupled to radiation fields [37] [38] [39] , and trapped ions [40] opened the possibility to synthesize and observe the mentioned LR physics.
In the present paper, we push forward the previous theoretical analysis, focusing on a two-dimensional topological superconductor, realized on a square lattice loaded by spinless fermions and with an algebraically decaying pairing.
The model -The Hamiltonian of our two-dimensional model is based on a square lattice with L 2 sites and reads:
where s = (s x , s y ). Working on a closed lattice, we defined in
) and we choose anti-periodic boundary conditions [16] . We set ∆ = 2w = 1, which does not qualitatively limit our analysis. The spectrum of excitations of H lat , obtained via a Bogoliubov transformation, is:
where k x/y = 2π n x/y + 1/2 /L, 0 ≤ n x/y < L, and
α (expressed in the thermodynamic limit as combinations of polylogarithmic functions [16] ).
The superfluid ground-state of (1) reads:
with φ α,k = arctan f α (k y )/f α (k x ) and θ α,k defined similarly as for p-wave superfluids [41] .
If α ≤ 1, f α (k) gives rise to singularities, at k x = 0 and k y = 0, in the spectrum; the corresponding eigenstates, inheriting from these singularities some branch-cuts in their wavefunctions, are notably far from the minimum of the energy spectrum and they are dubbed "singular states" (SST) [23, 24] .
Just considering the symmetry content, the model in (1) belongs to the D class of the ten-fold way classification [2, 3] , since time-reversal is explicitly broken by the spinless nature of the fermions, while charge conjugation C is preserved:
, with U c = σ 1 and U 2 c = 1 [5] . Importantly, the singularities at α ≤ 1 (say in k 0 ) do not change the definition of C above, since U c = σ 1 both at k 0 + and k 0 − , → 0.
A relevant generalization of the model (1) involves a LR hopping. However, as explained in [29] , this term can modify the structure of the SR phase diagram [17, 25] , but cannot induce any new phase. This happens because no branch-cut is produced by the SST (see below). We stress that this feature depends on the precise geometry of the chosen lattice: for instance in [37] some LR effects are found from LR hopping on triangle and honeycomb lattices (loaded by hard-core bosons and with emerging fermionic behaviour).
Phase diagram -The spectrum in (2) displays a critical line at µ = 2 for every α > 0 and two critical lines at µ = 0 and µ = −2 for α > 1, there some continuous quantum phase transitions (QPT)s occur. The phase diagram can be characterized further by the Chern number [9, 42] :
where |u α,k is the eigenstate corresponding to λ α (k). This quantity vanishes if |u α,k is continuously defined on the Brillouin zone [9] , while n = 0 requires some branch-cut on it. These singularities are encoded in the phases e i φ α,k in (3), and at α ≤ 1 are generated also by the SST.
For α > 1 we obtain (see Fig. 1 ):
For α > 1 one recovers qualitatively the two dimensional chiral lattice model for p−wave superconductivity, holding in the SR limit [9] .
Instead, the semi-integer numbers below α = 1 do not make sense formally, since they cannot be associated to any homotopy class [5, 43, 44] for the topology-inducing maps k → H lat (k) (indeed discontinuous, due to the SST). Yet, they imply the emergence of two new (dubbed LR) phases, not continuously connected with the phases in the SR regime, and not belonging to the standard classification of topological insulators/superconductors (where n are integer) [29] , despite the fact that H lat collocates in the D class of the ten-fold way according to its symmetries. The same indication comes from the QPT on the line α = 1 that, remarkably, occurs without any mass gap closure in the spectrum (2) (and without a firstorder behaviour, as checkable from the derivatives in α of the ground-state energy of H lat in (1) [16] ). Since the mass gap is always finite if α < 1 and µ < 2, this QPT notably prevents an unreasonable crossover from disconnected phases with different n = 0, ±1 in the SR limit (see Fig. 1 ).
Role of the SST at α ≤ 1 -Further insight on the QPT at α = 1 is achieved analyzing the fidelity susceptibility [45] [46] [47] , defined by
where
χ α,k obtainable directly from (3) is the fidelity between two ground-states of the Hamiltonian (1), for slightly different values of the parameter α: |ψ gs + = |ψ gs (α+x) and |ψ gs − = |ψ gs (α−x) , x → 0. The logarithm of χ α diverges at α = 1; moreover this divergence is found to be again a consequence of the SST: indeed there χ α,k = 1 only if k x = 0 and/or k y = 0. It is interesting to single out the contribution by the SST for the Chern number in (4) . This task, difficult following e.g. [48] , can be achieved for instance computing n within an effective theory (ET), obtained by a renormalization group (RG) approach and describing the vicinity of the massless lines, similarly to [9] for α → ∞. For simplicity, we focus on the line µ = 2. We follow the strategy in [23] , retaining, along the decimation procedure on H lat (k) inducing the RG flow [49] , only states close to the minimum of λ α (k), at k x = k y = π, and close to k x = 0 and k y = 0, where singularities develop at α ≤ 1. Indeed, these states only are relevant for the dynamics close to criticality [23] . The resulting action is written, in terms of two Majorana fields ψ M (τ, r) and ψ H (τ, r) [23] , as a sum of two independent terms, corresponding (in order) with the two sets of states above:
being S M the (Euclidean) Dirac action [50] , and the conformal invariance breaking action
with 
Starting from S (α<2) , the calculation of the Chern number n = n M + n AN proceeds as follows: the Hamiltonian matrix corresponding to S (α<2) AN can be written in momentum space as H(p) =d(p) · σ. This gives a contribution [9] :
with (i, j) = {x, y}, and {a, b, c} = 1−3. One finds n AN = 0 if 1 < α < 2, while, for α < 1, n AN = 1 2 (due to the first term only in (7), since c 2x → 0 and ∂ x does not produce any additional discontinuity), which adds to
, accordingly with the lattice results. Importantly, the different values for n AN above and below α = 1 depend on the different behaviours of M ρ along the RG flow, these masses describe indeed the QPT on this line [23] .
The stability of the LR phases against local disorder (e. g. in the chemical potential term ∝ µ) is inferred following [51] . There, using RG arguments, the SST are shown to be not localized by disorder (differently from the other eigenstates) below a critical α c , in our case α c = 2.
Asymptotic decay of two-points correlations -The appearance of the QPT at α = 1 and of the LR phases below this threshold requires LR correlations [29] . The same feature justifies the evolution of the edge modes described in the following. The two-point correlations are computed from the Bogoliubov transformations diagonalizing the Hamiltonian (1) [17, 52] . Both correlations asymptotically display an algebraic decay, also if the mass gap is nonvanishing. In Fig. 2 we report their decay exponents β at fixed L = 1500 and α varying. Similarly to [16] , we encounter large errors around α = 1, likely due to the QPT. Compared to the SR regime, the decay becomes much slower at α < 1 (and essentially for every µ). Notably, even there, β remains smaller than 2, implying that multipartite entanglement cannot be detected using local operators involving (linear combinations of) c i and c † i . This results enlarges the picture achieved for the LR Kitaev chain [47, 53] .
Bipartite entanglement -Further information on the LR phases can be achieved by the analysis of the VNE S between two sublattices, for varying µ and α. We adopt the technique in [54] , exploiting the correlations c † i c j and c † i c † j : we define the matrix M ij = (a 2i−1 , a 2i )(a 2j−1 , a 2j ) , where a 2l−1 = c l + c † l and a 2l = i (c l − c † l ) are Majorana operators, the indices i, j = 1, . . . , s running on the sites of the subsystem A with s sites. This matrix has s pairs of eigenvalues 1 ± v n , from them the VNE is straightforwardly expressed. In this way, we evaluate S on an antiperiodic torus with 18 2 sites, selecting subsystems A with 18 l, l = 1, . . . , L 2 sites, obtained cutting the torus twice along one direction. In this framework, one recovers the area law for S(l) in that it becomes independent of l, S(l) ≈ S 0 , for l sufficiently far from l = 0. By direct inspection, we find that this picture is realized for every µ = 0, ± 2 at α 1 (finite-size effects are found to be relevant close to α = 1). On the contrary, below this approximate threshold, S(l) is no longer constant, signaling an area-law violation. The coincidence between this violation and the divergence of the quasiparticle spectrum has been also suggested in [27] . The two situations are shown in Fig. 3 (up Even if the small dimensions of the analyzed square lattices forbid to quantify the violation at α 1, in our examples this is found compatible with a logarithmic deviation. The violation of the area-law is strongly required by the appearance of the LR phases: the continuous transition at α = 1 needs a diverging correlation length, due, in the absence of a vanishing mass gap, to the LR coupling. The same divergence is testified by the algebraic tails of correlations and induces the area-law violation, as in SR systems [29, 55] . Finally, a peculiar behaviour is also observed at small α for the half-square VNE S(α), reported in Fig 3 (down) : around this line S(α) starts to increase much more rapidly than at higher α. This behaviour becomes more pronounced and picked around α = 1 as L increases.
Edge mode structure -The peculiar values for n at α < 1 induce to investigate the edge mode structure of the Hamiltonian (1). Therefore we numerically computed its spectrum, assuming both open boundaries and a compactified direction (again with antiperiodic conditions). For |µ| < 2, massless edge modes appear at α 1 when n = 0, similarly to the SR limit [9] . This is an example of the so-called bulk-boundary correspondence [1] [2] [3] [4] [5] [6] . The edge modes correspond in the mixed model to zero-energy (in the thermodynamic limit) eigenstates with the (square of the) wavefunction picked around the edges, and well separated in energy from the higher-energy states, instead spread in the bulk. This situation is qualitatively equal to the one-dimensional open (LR) Kitaev chain [16] . For the open model, edge modes manifest as a continuum of states with linear dispersion crossing the zero-energy line and linking the particle and hole bands [7] . On the contrary, at α 1 edge modes with a nonvanishing mass appear at µ < 2 (while no edge mode occurs at µ > 2, although there n = 0): in Fig. 4 (inset) a finite-size scaling plot of the edge mass is reported, showing that it does not vanish even in the thermodynamic limit. The massive edge modes (MEMs) arise in the mixed model as eigenstates with a nonzero energy, but still well separated in energy from the higher-energy ones; the square of their wavefunction results again picked around the edges (see Fig. 4 (main panel) ). At least in this situation, the appearance of the MEMs can be explained by the failure of the edge operators classification in [29, 56] , due to large LR correlations between bulk and edges; related to this fact, the multiplets of the Schmidt eigenvalues are not constrained to have even multiplicity, as instead at α > 1. In the open model, the MEMs do not cross the zeroenergy line anymore, so that an energy gap appears around this line; since this gap refers to the ground-state energy, its presence implies the absence of single-fermion edge conductivity, instead present in the SR limit. The stability of the MEMs against a local disorder parallels that of the LR phases discussed above. The possibility of a hybridization mechanism (of the massless edge states at α 1) generating the MEMs, as in one dimension [17, 25, 57] , remains a likely but open issue in the mixed case, while an edge reconstruction mechanism [58] seems ruled out by the change of n passing through α = 1.
Relation with LR bulk topology -The appearance of the MEM can be put in direct relation with the bulk properties. For this task, when α < 1 we perform the integration in (4) avoiding the singular lines k x = 0 and k y = 0; this effectively restores the continuity of the maps k → H lat (k), that therefore can still define a topology, as in the SR limit. This procedure, automatically performed following [48] , yields a shifted Chern numberñ = n − n AN (n AN = 1/2 around µ = 2, as in (8)): in this way, at µ < 2, where a MEM is present, we obtain correspondinglyñ = −1, while at µ > 2, where MEM are absent,ñ = 0. Therefore, if α < 1 it is still possible to envisage the notions of topology and bulk-boundary correspondence. The same procedure induces to classify the LR phases both by the singularities of the map from H lat (k), as partially described in [29] , and, once they are removed as above, according to the usual scheme for SR systems [1] [2] [3] [4] [5] [6] .
Conclusions -The fermionic lattice studied in this paper is the first two-dimensional one where qualitative deviations from the classification of topological insulators/superconductors, due to LR Hamiltonian terms, are described: there new phases occur, induced by extreme LR correlations (resulting e.g. in the area-law violation for the Von Neumann entropy). A notion of bulk topology can be still defined for the LR phases, related with a nontrivial massive edge structure (in turn implying the absence of edge conductivity) and still characterized by bulk invariants, which are integer if suitably redefined to trace out the singularities from the LR couplings.
Our results, confirming and enlarging the picture drawn in [16, 17, 23, 25, 29] mainly for one dimensional LR models, are a valuable starting point for the full classification of the (topological) LR phases for insulators/superconductors. Moreover, they allow for the comprehension of experimentally achievable LR models, e.g. in dissipative systems, as the recent proposal [37] , and in cavities [59] . In [37] the absence of massive edge modes can be a finite-size effect, forbidding to probe the edge hybridization (crossing at high enough values for α) momentum. Finally, from a more general perspective, our study highlights the effects of extreme LR correlations in many-body systems.
Note added -Just before the conclusion of the present manuscript, a paper appeared [60] , dealing with a model similar to ours. The results contained there, especially about the edge structure, appear consistent with ours.
